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We have studied the underlying algebraic structure of the anharmonic oscil-
lator by using the variational perturbation theory. To the rst order of the
variational perturbation, the Hamiltonian is found to be factorized into a su-
persymmetric form in terms of the annihilation and creation operators, which
satisfy a q-deformed algebra. This algebraic structure is used to construct all
the eigenstates of the Hamiltonian.















Quantum anharmonic oscillator has been frequently studied as a toy model for develop-
ing various approximation methods in quantum mechanics and quantum eld theory [1{5].
Recently it has been used to develop various approaches to the variational perturbation
theory [3,4], which enables one to compute the order by order correction terms to the well
known variational approximation. More recently the model has been utilized to establish the
Liouville-Neumann approach to the variational perturbation theory [5], where one constructs
the annihilation and creation operators as perturbation series in the coupling constant whose
zeroth order terms constitute those of the Gaussian approximation.
However, the underlying algebraic structure of the anharmonic oscillator for its own sake
has rarely been studied. In ref. [5], we have shown that to the rst order of the variational
perturbation the Hamiltonian is factorized as in the case of the simple harmonic oscillator,
while the annihilation and creation operators satisfy the q-deformed algebra rather than
the usual commutation relations. This is an interesting algebraic structure of the theory
which may enable one to obtain more information on the theory. The connection between
the q-deformed algebra and the quasi-exactly solvability has been found for certain type of
potentials [6], and the possibility of a q-deformed quartic oscillator has also been suggested
from the study of the energy spectra obtained by the standard perturbation method [7].
It is the purpose of this letter to study the algebraic structure of the anharmonic oscillator
to the rst-order variational perturbation, and to utilize this structure to obtain the general
energy eigenstates of the system. It is the q-deformed algebraic structure of the theory that
enables us to nd the q-deformed Fock space [8].




















where the mass is scaled to unity for simplicity. In the variational Gaussian approximation
one searches for a simple harmonic oscillator whose energy eigenstates minimize the expec-
tation value of the Hamiltonian (1). For this purpose, we introduce a set of operators, a^ and
a^
y

































































































































In the variational Gaussian approximation one evaluates the expectation value of the Hamil-

















The gap equation (6) completely determines the operator a^ and a^
y
of (2), which gives the
Gaussian approximation of the ground state of the system through Eq. (5).








































































































a^. This representation can be used
to construct the annihilation operator of the anharmonic oscillator as a perturbation series
in the coupling constant, which leads to the Liouville-Neumann approach to the variational
perturbation theory [5].
We now turn to the main issue of this paper: the factorization of the Hamiltonian. The
solvability of the simple harmonic oscillator (3) is rooted in the fact that the Hamiltonian





















] = 1: (11)



































for the anharmonic oscillator and their commutation relation



































are constants to be determined [5]. The requirement that the Hamiltonian (8) be
of the factorized form (12) determines the frequency 
 and the constants c
k
's to this order











































































































to this order of the variational perturbation.


























This fact can be used to nd all the eigenstates of the anharmonic oscillator (1) by using


























































= [n + 1]jni
[1]
: (23)
We thus nd that the number states jni
[1]
are the eigenstates of the Hamiltonian correspond-










[n] + [n+ 1]

; (24)
to the rst order of the variational perturbation. Using Eqs. (19), (22) and (24), we nally




















which agrees with those obtained by You, et al. [3].
In summary, we have studied the algebriac structure of the anharmonic oscillator to the
rst-order in the variational perturbation theory. It has been found that the Hamiltonian is
factorized into a supersymmetric form in terms of the annihilation and creation operators,
which are expanded around those of the Gaussian variational approximation. It has also
been shown that the anharmonic oscillator has the algebra of a q-deformed oscillator with
SU
q
(1; 1) symmetry, which was used to construct all the eigenstates of the Hamiltonian to
this order of the variational perturbation. Further study is needed to see if this interesting
algebraic structure is also respected by the higher order correction terms.
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